We quantify the stationary correlations between the optical mode and the relative mechanical mode of a ring cavity composed of a fixed mirror and two movable ones in a triangular design.
Introduction
In recent years, quantum information has attracted a lot of attention because of some of its surprising, unexpected, and remarkable properties. One of the most interesting characteristics at the foundations of this field is "entanglement" [1] , which is, specifically, a quantum property. So far, the search on the production and manipulation of entangled states has been achieved with success in microscopic systems such as, atoms, photons, ions,... [2] , [3] , [4] . Whereas, the validity of entanglement in the macroscopic domain is not yet completely clear, this question made it an interesting subject for physicists. In this context, optomechanical systems manifest as a new platform to investigate the entanglement between a macroscopic mechanical object and an optical field. The optomechanical systems [5] are typically composed by an optical cavity with a moving mechanical object which can interact with the electromagnetic field confined in the cavity via the radiation pressure force [6] . Indeed this latter is due to the impulse transfer of the photons during their reflection on the surface of the mechanical object. This force induces small displacements of the motion of the mechanical object which change the length of the cavity, and modify the state of the cavity field. This can be well observed when the cavity is driven by a strong laser source [7] .
Such effect is called the optomechanical coupling which designs the light-matter interaction.
In this paper, we study the quantum correlations that are present in a ring cavity with two movable mirrors, the motion of which, is due to the effect of the radiation pressure force. This allows to model the mirrors' motion as a mechanical harmonic oscillators and thus can be considered as a continuous variable system. We give the degree of entanglement by using the logarithmic negativity, we describe also the quantum mutual information which gives the total amount of correlations contained in a quantum state which is equal to the sum of classical correlations and the quantum discord [8, 9] . In fact, quantum discord has drawn much attention recently as another measure of quantum correlations that differs from entanglement, as the latter can be seen as contained in the former. Indeed quantum discord was first presented by [10, 11] , where it has been proved that some separable states do contain some amount of quantum correlations and have a nonzero value of the quantum discord. This notion was generalized to the field of continuous variables (CV) systems in references [12, 13] .
The structure of this work is organized as follows. In Sec II we describe the model and present the Hamiltonian, then we solve the nonlinear quantum Langevin equations for the optical modes and the relative quadratures of the two mechanical modes which leads to obtain the bipartite covariance matrix. In Sec. III we study the stationary entanglement by using the logarithmic negativity, and discuss the effect of some parameters on it. Beyond entanglement we study the Gaussian quantum discord in Sec IV to measure the quantum correlations especially in the case where the state is separable. We simulate also the mutual information to quantify the total correlations present in the system considered. Finally we conclude by some remarks to close the paper.
System and model 2.1 System
We consider the ring cavity schematized in Figure 1 , with arm length L and frequency ω c . This type of cavity was introduced in many different ways [14, 15] and further studied in [16] The cavity has three mirrors in a triangular configuration, such that one of the mirrors is fixed and partially transmitting, whereas the other two are movables and perfectly reflecting. These moving mirrors are considered as quantum harmonic oscillators with frequency respectively ω m1 , ω m2 and effective masses m 1 , m 2 . Their loss of mechanical energy is described by the damping rates γ m1 , γ m2 , respectively. The cavity is pumped by a coherent laser field with frequency ω L and the mean amplitude of the input laser is given by E = 2κP ω L where P is the input power pump, is Planck constant and κ is the total optical decay rate of the cavity: κ = κ ex + κ 0 [5] . Here κ ex denotes the losses at the input of the cavity and κ 0 is due to internal losses. An important parameter is the optical finesse F , which gives the average number of round-trips before a photon leaves the cavity:
c denotes the speed of light.
The reflection of each photon on the movable mirror gives rise to transfer of momentum equal to 2 k, where k is the wave vector of the field. This transfer produces a radiation pressure force F rad (t) that is exerted on the mirror. This force is equal to the momentum exchanged per photon, multiplied by the number of photons reflected per second:
This force induces a displacement on the movable mirrors, that makes it possible to have a correlation between the position of the mirrors and the intensity of the radiationÎ.
The Hamiltonian
The Hamiltonian of the system is given by [16] 
where a and a + are respectively, the annihilation and creation operators of the optical mode, with [a, a + ] = 1 and ∆ 0 = ω c − ω L denotes the detuning between the cavity and the laser radiation. The first term in (3) describes the energy of the cavity mode while the second and third terms describe the energy of the mechanical resonator. We defined q i and p i (i = 1, 2) as being, respectively, the dimensionless position and momentum operators of the oscillator with [q j , p k ] = iδ jk (j, k = 1, 2).
The fourth term denotes the interaction between the cavity field and the movable mirrors which is due to the radiation pressure, g is the optomechanical coefficient given by g = ωc L mωm in units of s −1 . The last term describes the laser driving input.
The quantum Langevin equations
The analysis of the dynamics of the two coupled relative mechanical modes and the cavity field are determined by the Heisenberg equations of motion, which are derived from (3), and by adding the fluctuation-dissipation terms, we obtain the following set of Heisenberg-Langevin equatioṅ
We have introduced the input vacuum noise a in at temperature T i with nonzero time domain correlation functions [17] :
In addition to that, we have the Brownian noise expressed by the operator f i (i = 1, 2), which describes the coupling of the i th movable mirror to it's own environment, with zero mean values and characterized by the following correlation functions [18] :
The quality factor obeying Q i = ωm i γm i ≫ 1 means that one can assume that the mechanical baths are Markovian. Hence the f i non-zero correlation functions [19] are given by
Where
Without loss of generality, we choose ω
Introducing the relative distance: q − = q 1 − q 2 and the relative momentum: p − = p 1 − p 2 of the movable mirrors, we obtain the reduced equationṡ
where n cav is the averge number of the photons inside the cavity.
Linearization of the quantum Langevin equations
To study the quantum correlations that are present in the system, we have to calculate the fluctuations. These can be obtained by linearizing the quantum Langevin equations (8) . This is achieved by expanding each Heisenberg operator as a sum of its c-number classical steady-state value plus an additional small fluctuation operator with zero-mean value [20] :
The steady-state values are given by the following nonlinear algebraic equations:
where ∆ = ∆ 0 + g q s cos 2 (θ/2) is the effective cavity detuning.
Inserting equation (9) into equation (8), and introducing the cavity field quadratures δx = δa + δa + and δy = i(δa + − δa), and the input noise quadratures δx in = a in + a + in and δy in = i(a + in − a in ), allows to obtain the linearized quantum Langevin equations:
This system of equations can be rewritten in the matrix forṁ
where u T (∞) = (δq(∞), δp(∞), δx(∞), δy(∞)) is the column vector of the fluctuations, η T (t) =
is the column vector of noise operators and the drift matrix A reads
where Im[α s ] (resp Re[α s ]) denotes the Imaginary (resp real) part of α s . The solution of equation
Covariance Matrix
When the stability conditions are verified according to the Routh-Hurwitz criteria [21] [22] [23] , the steady-state Covariance Matrix satisfies the Lyapunov equation:
where D is a diagonal matrix that represents the noise correlations; it is given by D = Diag[0, γ m (2n th + 1), κ, κ].
In the following we express the Covariance Matrix V in a 2 x 2 block form:
where V a , V m and V c are respectively, the Covariance Matrix of the optical cavity mode, the relative mechanical mode and the non-local correlations between them.
For later use, We define the following set of 4 symplectic invariants derived from the Covariance
For the bipartite system the symplectic eigenvalues of the partial transpose of the Covariance Matrix V [24] [25] are given byν
where the symbolΓ is the symplectic invariant given byΓ = I 1 + I 2 − 2I 3 .
Knowledge of the Covariance Matrix in the stationary state from (14) and use of the quantities 17, allows to evaluate the quantum correlations between the optical mode and the relative mechanical mode. This is studied in the next section.
Entanglement analysis
In this part we want to quantify the bipartite entanglement between the mechanical mode and the optical mode, for that we use the logarithmic negativity E N . This quantity is defined for Gaussian continuous variable (CV) systems as [26, 27] 
The two modes are entangled when E N > 0, which is equivalent toν − < 1 2 . If not the states are separable, which is consistent with Simon's necessary and sufficient criterion for bipartite entanglement [28] .
In order to study the behaviour of the quantum correlations, as captured by the logarithmic negativity, we use parameters taken from the most relevant experiments [29] , where the length of the cavity L = 25mm, the laser wave length is λ = 1064nm, ω m = 2π.947.10 3 H z and the mechanical quality factor Q = ωm γm = 6700. Figure 2 shows the logarithmic Negativity E N versus the thermal bath's temperature T for different values of m. We notice that, as expected, the quantum correlations do not resist against the environment effects as E N decreases with temperature, and that for m = 50 ng, it survives until T > 9 mK while for m = 100 ng it vanishes at T = 6 mK. On the other hand, for a fixed temperature the logarithmic negativity decreases with mass e.g. when T = 3 mK, E N = 0.11 (respectively 0.04) for m = 50 ng (respectively 100 ng), which shows the importance of the parameter mass as well. As a matter of fact, the smaller it is, the more robust the system becomes against the thermal bath's temperature. This in turn is due to the fact that the optomechanical coupling, due to the radiation pressure, gets stronger as the displacement of the mirrors increases.
Next, to examine the dependence of entanglement on some other parameters in an optomechanical system, we show in Figure (3a) its behaviour as a function of the laser driving power P as well.
We notice, for instance, that for fixed temperature, the driving laser power has a favorable effect on the quantum correlations as captured by the logarithmic negativity. For example at T = 2 (mK),
we obtain E N = 0.048 for P = 3.8 mW , E N = 0.098 for P = 6.9 mW and E N = 0.125 for P = 9 mW . We also see from the countour plot, that the temperature, at which the entanglement vanishes, increases with the power, e.g. for P = 4 mW , E N vanishes at T ∼ 4.5 mK however for P = 10 mW , E N persists up to 9 mK. 4 Gaussian quantum discord and the quantum mutual information Basing solely on the entanglement, we can conclude that the states of the two modes are entangled if E N > 0 otherwise the states are separable or classically correlated. Nevertheless, it was proved [30, 31] that even separable states may contain quantum correlations, thus the notion of quantum discord was introduced as capturing the overall quantum correlations, even those beyond entanglement.
Indeed in this section, we use the Gaussian quantum discord, [12, 32] which is considered as a measure of nonclassical correlations in Gaussian quantum systems that can be different from zero even for separable states i.e. E N = 0. By definition the quantum discord is the difference between the mutual information I M which is a measure of the total correlation in the system and the classical correlation C :
Figure 4: Plot of the Gaussian quantum Discord vs the temperature T. We chose P = 3.8 mW , ∆ = ω m , the other parameters are similar to those in Figure 3 .
The Gaussian quantum discord for Gaussian bipartite systems can be expressed as [12, 32] 
where, g is a function defined by
and
and ν ± are the symplectic eigenvalues of V :
with Γ = I 1 + I 2 + 2I 3 . Figure 4 showing the Gaussian quantum discord versus the temperature confirms that the discord decreases as T increases. Furthermore, we note that while E N vanishes at T ∼ 5 mK the Gaussian quantum discord survives beyond this temperature. This explains the existence of the quantum correlations in the system even for separable states and also shows the robustness of the Gaussian quantum discord against the influence of the environment.
While the quantum correlations are captured by the Gaussian quantum discord, the total correlations can be evaluated by using the expression of the quantum mutual information [32] : 
conclusion
In this work, we have studied the quantum correlations in a steady state of an optomechanical system. In our case, this latter is a ring cavity, with a fixed mirror and two movable ones, pumped by a laser source. The linearized quantum Langevin equations were used in order to obtain the bipartite Covariance Matrix at the stationary state fully describing the Gaussian state of the two subsystems, the optical modes and the relative mechanical mode.
In addition to that, we have studied the effect of the thermal bath temperature on the quantum entanglement which is measured by the logarithmic negativity. It was found that the entanglement decreases with increasing temperature and mass of the two mechanical harmonic oscillators.
Then, the total amount of correlations present in the system under consideration were quantified by the quantum mutual information, a measure englobing both the classical correlations and the quantum discord. It was found that both the quantum mutual information and the quantum discord decrease with increasing ∆/ω m and they reach their maximum when ∆ is around ω m . As expected when the entanglement vanishes (which is characteristic of a separable state) the system still has a non-zero value of the Gaussian quantum discord. This shows that the Gaussian quantum discord is a measure of all quantum correlations, including entanglement and confirms the robustness of this measure and the feebleness of the logarithmic negativity against the fluctuations of the bath environment.
